A methodology for tuning the stiffness of machine tool supports is described based on a stiffness model using the contact stiffness approach. Using this model, the mathematical relationship between the load of the support and its stiffness is established. The relationship is separated into three regions. When the total stiffness of all supports is maximized, the load must be tuned so that the stiffness-support load relationship is in the critical region, whereby the contact stiffness is slightly larger than the bulk stiffness. Correspondingly, a placement method of supports is proposed that increases their stiffness without anchor bolts. The effectiveness of the proposed method is verified in two experiments. In the first experiment, the natural frequency of a small machine tool prototype is compared for several placements of three supports. The lowest natural frequency of the machine tool under the proposed placement scheme is maximized. In the second experiment, the proposed method is applied to increase the lowest natural frequency of a horizontal milling machine. The lowest natural frequency with a distinct arrangement of three supports is increased by 15%-55%, compared to other popular placements of these three supports. The experimental results show that the proposed placement method is effective for enhancing the stiffness of machine tool supports.
Introduction
Vibration of machine tools must be suppressed to reduce dynamic motion errors in highly productive machining. Ground vibrations transmitted from the floor and drive disturbance vibrations caused by the driving force in feed drives represent the major vibration sources. Invariably, these vibrations excite vibration modes at low frequencies. In particular, rocking vibrations typically represent the lowest two vibration modes of machine tools [1, 2] . Correspondingly, the dynamic property of the rocking vibration is greatly influenced by the stiffness of supports [2] . Therefore, it is critically important that the stiffness of the supports is properly designed and tuned.
Many studies have previously been reported on the design and the computational evaluation of machine tools. The static and dynamic behaviors of the machine have been evaluated by multi rigid body analysis and finite element analysis (FEA) [3] [4] [5] [6] . The optimization of the machine tool design has been studied using these analysis schemes [7] [8] [9] [10] [11] [12] [13] . In addition, the fixture design of the workpiece has been also optimized [14, 15] . However, the design of supports has not been a popular aspect of study in spite of its significant effect on the dynamic performance of machine tools. Rivin discussed the location of supports for reducing the static deformation of the machine [16] . To reduce vibration, Okwudire et al. proposed an optimal location of vibration isolators for an ultraprecision machine tool [17] . Vibration analyses using simplified models were utilized to determine the stiffness of supports for minimizing the vibration [1, 18] .
However, not many machine tool manufacturers design or tune the stiffness of supports on the basis of dynamic performance evaluation of the machine. One reason is that the stiffness of supports cannot be calculated simply from design parameters, even if FEA is used in a detailed computational model. Proper boundary conditions are required to obtain the stiffness of supports, particularly because the stiffness at contact interfaces has an influence on the stiffness of supports . Although anchor bolts are sometimes used to practically increase the stiffness of supports, their effects have not been clearly explained.
To address this problem, a model based on the contact stiffness of machine tool supports has been developed in one of our previous studies [19] . In this paper, a method for tuning the stiffness of supports is proposed using the developed model. In this approach, a basic idea is first described for tuning the preload and the stiffness of supports. Then, a placement method of supports is proposed, on the basis of increasing their stiffness without the use of anchor bolts. An experimental modal analysis of a small machine tool prototype is then conducted to verify the proposed method. Finally, the proposed method is applied to increase the lowest natural frequency of a horizontal milling machine.
Stiffness tuning of machine tool supports
2.1 Stiffness model of machine tool supports based on contact stiffness
In this study, the stiffness model of machine tool supports, proposed in our previously published study, is used [19] . Figure 1(a) shows the schematic drawing of a screw jack as an example type of a machine tool support. The stiffness of one support is modeled in three-dimensions (3D) as shown in Fig.1(b) . The stiffness along each direction, K, is obtained from the bulk stiffness and the contact stiffness connected in series, and determined using
where k ball and k call are the total bulk stiffness and the total contact stiffness for one support, respectively. In an actual case, the support consists of several components and contacted interfaces. Therefore, the above total stiffness is also obtained from their stiffnesses connected in series.
The bulk stiffness can be calculated from the modulus of elasticity and the geometry of the support. The contact stiffness is obtained using the model shown in Fig.2 . Figure  2 (a) shows a schematic of an interface at the machine tool support. The preload W acts on the interface; k cn and k ct are the contact stiffnesses in directions normal and tangential to the interface, respectively. The stiffness values k ci (i = n, t) are obtained from a series of coupled springs, spread over the interface using
where the subscript i represents the normal or the tangential direction, δk ci1 and δk ci2 are the contact stiffnesses per unit of real contact area (unit contact stiffness) of materials 1 and 2, respectively, and p m is the lowest value of the two yield pressures associated with materials 1 and 2. 
Real contact area
In the Hertz contact model, the relationship between the preload and the contact stiffness at one roughness asperity on the interface is non-linear and not proportional to the preload. However, in real contact of flat surfaces, the number of contacted asperity increases with the preload. Greenwood et al. have reported that the number of contacted asperity is proportional to the preload and the average size of the contacted spot is constant [20] . Therefore, the real contact area and the contact stiffness increase more sharply than those in the Hertz contact of one asperity. They describes that their discussion can be applied to rough curved surfaces as well as nominally flat surfaces. When the contacted spot is considered as the stiffness spread over the interface, the study by Greenwood et al. supports our contact stiffness model.
Stiffness tuning technique
Generally, if the materials of the support and the floor are not changed, the stiffness of the support can be tuned by either varying the bulk stiffness, the preload, the number of supports or other constitutive parts of the system. A basic idea for selecting any of these approaches is described using the stiffness model presented above.
According to Eqs. (1) and (2), the stiffness of the support depends on the preload. Figure 3 qualitatively shows the relationship between the preload and the stiffness of one support. The relationship is calculated with two different bulk stiffness values using the model described in subsection 2.1. In both cases, the total stiffness is positively correlated with respect to the preload.
The graph representing the total stiffness-preload relationship can be distinguished into the following three regions: the increasing region in which the stiffness increases almost linearly with the preload (because the contact stiffness value is smaller than the bulk value and dominates total stiffness); the saturation region in which the total stiffness is saturated (because the bulk stiffness value dominates the value of total stiffness); and the critical region, which represents the intermediate region between the increasing and the saturation regions. When the bulk stiffness is increased, the critical region shifts towards larger preload regions and the saturated stiffness increases.
The three regions are used to qualitatively show the efficiency for exchanging the preload to the stiffness. Therefore, the criteria for the regions can be defined using the stiffness differentiated by the preload. Figure 4 shows the relationship between the preload and the stiffness differentiated by the preload. The efficiency is at maximum at 0 N preload. In this study, the threshold for the boundary between the increasing and the critical regions was determined as 20 % of the maximum value. The threshold for the boundary between the critical and the saturation was determined as 10 %. However, these thresholds can be changed because the required efficiency can be different on a case by case.
The stiffness of the support should be tuned according to the total stiffness-preload relationship shown in Fig.3 . When the total stiffness of all supports must be increased within the operating range of the increasing region, the preload should be increased by anchor bolts. On the other hand, when operating within in the saturation region, the bulk stiffness should be increased. The number of supports can also be increased within the saturation region because the stiffness does not decrease with decreasing preload.
When the total stiffness of all supports must be decreased, the support can be modified in an opposite manner. Alternatively, the bulk stiffness can be simply decreased because the lower between the bulk and the contact stiffnesses dominates the total stiffness.
When the total stiffness of all supports must be maximized, the support should be modified to maintain the relationship in the critical region because of the following two reasons: the first is the fact that the stiffness can be enhanced in the saturation region by increasing the number of supports, that is, the preload is wasted in this region.; the Threshold for critical region second is that the stiffness can be easily increased within the increasing region by increasing the preloading using anchor bolts.
Support placement to increase the stiffness of supports
As an application of the stiffness tuning idea introduced earlier, the placement of supports is proposed to increase the lowest natural frequency of the machine, by enhancing the total stiffness of all supports without the use of anchor bolts. The preload distribution and the bulk stiffness are changed by changing the position of the support. Then, the following two policies are introduced to determine the support placement;
(1) The preload of the support must be exchanged efficiently to the stiffness using the stiffness-preload relationship. (2) The distance between the support and the machine gravity center must be long to enhance the rotational stiffness. The following condition and restriction are also assumed;
-Total preload of all supports is assumed to be constant, given a constant machine mass. -The object is a machine of small to medium size, which means that the change of gravity center due to moving components does not significantly affect the preload distribution of supports. In addition, the preload is not influenced by disturbances such as the drive disturbance and the process force disturbance. -The bottom of the bed is almost rectangle. -The turnover of the machine must be avoided. Under such policies and assumptions, in general, four corners on the bed are the most possible position for the support.
When four or more supports are used, the support should be placed on the four corners at first. If the preload-stiffness relationship is not in the saturation region, the supports at the four corners are the best because the both policies are satisfied. If the preload-stiffness relationship is in the saturation region, two options are possible to increase the efficiency for exchanging the preload to the stiffness. The first option is to decrease the preload of the support by an additional support. In this case, the stiffness of one support can be slightly decreased. However, the total stiffness of all supports is increased because the number of the support increases. The second option is to increase the bulk stiffness by machine modification. The support position can be also changed to increase the efficiency. However, in terms of the above mentioned policy (2), the rotational stiffness decreases unless the total translational stiffness can be extremely increased by changing the support position.
When three supports are used, all corners cannot be fulfilled. Thus, more options are given for the support placement. The placement procedure is described using an example. Figure 5 shows the footprint of the machine. The origin of the coordinate system is set at the gravity center. To emulate a typical vertical type machine tool, it is assumed that the machine width is larger in the Y direction and that the gravity center of the entire machine is towards its rear side. Figure 6 outlines the placement procedure with each of the procedural steps being described in the following section.
[ Step 1] The bulk stiffness, k ball , at the proposed support location is calculated, allowing the construction of a bulk stiffness map. At this first step, any location on the footprint can be the proposed support location. A method for calculating the bulk stiffness is described in subsection 2.4. Figure 7 shows an example of the bulk stiffness map. The colored circles represent the proposed location for support placement. The value of the bulk stiffness is codified in a gray scale representation. In this case, the bulk stiffness is nonuniformly distributed for easy understanding.
[Step 2]
The possible location for support placement is identified to increase the natural frequency of the lowest vibration mode. Figure 8 shows the selected locations. In this case, the rocking vibration, as a result of translations in the X direction and rotations about the Y direction, is assumed to be the lowest mode. Therefore, the support should be located in the left and right sides of the machine to increase the rotational stiffness about the Y direction. Step 1 Calculation of bulk stiffnesses of support and bed for bulk stiffness map
Step 2 Selection of placement option considering lowest vibration mode
Step 3 Determination of placement considering load and bulk stiffness The location is determined considering the preload of the support, the bulk stiffness, and the static stability of the machine. For the proposed location shown in Fig.8 , two supports must be located at either the left or the right sides of the machine, and the last support on the opposite side to that occupied by the first two. In this case (Fig. 8) , two supports must be located on the left side because its bulk stiffness is lower than that of the right side. Furthermore, the two supports must be located at the front and rear sides to increase the rotational stiffness about the X direction. Figure 9 shows the determined support locations. The diameter of the circle represents the amount of the preload. The last support is located on the right side to avoid rotational instability of the machine.
Bulk stiffness calculation method
The bulk stiffness of the machine component, from the gravity center to the floor, is a major contributor to the bulk stiffness during rocking vibration. On the basis of this idea, a method for calculating the bulk stiffness is described in this section. Figure 10 shows the calculation procedure. The bulk stiffness can be calculated from the 3D CAD model of the machine tool using FEA. The cross section is first set in the XY (horizontal) plane, including the gravity center of the entire machine ( Fig.10 (a) ). Then, the CAD model is divided into two parts, namely the lower and upper parts ( Fig.10 (b) ). Finally, the bulk stiffness is calculated based on the lower part. The upper surface of this lower part is fixed, and a static force is applied to allow calculation of the Fig.10 (c) ). In this study, the bulk stiffness must be obtained along the force transmission route from the support and the gravity center of the machine. To obtain this, either of the gravity center or the support is fixed, and a force is loaded on the other. However, when the gravity center is out of the machine body, it is difficult to fix or put a force on it. Thus, a cross section including the gravity center is fixed in this study. The horizontal cross section is used because it must not cross the force transmission route to properly obtain the stiffness.
In most cases, the bulk stiffness in the Z (vertical) direction should be calculated. This is because the stiffness in such a direction is saturated at lower preloads, compared to the stiffness in the X and Y (horizontal) directions. This difference arises due to the higher contact stiffness in the vertical compared to the horizontal direction [19] .
Verification experiment with a small machine tool prototype
In the existing machine tool, the location of support is restricted. Therefore, the effect of the proposed method is experimentally verified with a small prototype of the machine tool. Figure 11 (a) shows the schematic of the small machine tool prototype used in the experiment. The prototype has a feed drive with a linear motor. Because the bottom face of the bed is flat, the support location is not restricted. The bottom face is finished by grinding. The major specifications of the prototype are listed in Table 1 . The prototype is mounted on the concrete floor with three (almost cylindrical) supports. Figure 11(b) shows the support schematic. The interface to the bed is finished by grinding and the interface to the floor is rounded by turning. The support contains the force sensor with the sensitivity of 3.8 pC/N (Kistler) that measures the preload.
Machine tool prototype used in experiments

Experiment for increasing the natural frequency of the lowest vibration mode 3.2.1 Support placement
The support is located according to the procedure described in subsection 2.3. The bulk stiffness map of the prototype is shown in Fig.12(a) . The bulk stiffness in the Z direction is calculated in this experiment and is uniformly distributed because the bed is a solid block. The possible support locations are selected as shown in Fig.12(b) , since their rotational stiffness about the X direction is enhanced, thereby increasing the natural frequency of the lowest vibration mode. Finally, the support placement is determined as shown in Fig.12(c) . The support preload calculated from the support locations and the center of gravity is also shown in the figure. The preload should be uniformly distributed among three supports because the bulk stiffness is uniform. Hence, two supports are located at the side near the center of gravity.
Experimental method
The natural frequency of the lowest vibration mode is compared for the three support placements, including the proposed placement scheme, as shown in Fig.13 . The symbols S1, S2 and S3 are used to distinguish the supports. In the scheme under Placement 1, even if the placement is also suitable for higher rotational stiffness about the X direction, the preload is concentrated at S2. Therefore, the policy (1) described in subsection 2.3 is not satisfied. In Placement 2, the policy (2) is not satisfied because it maximizes the rotational stiffness about the Y direction. The natural frequency is obtained from the modal analysis by impact testing. The prototype is excited in the Y direction using an impulse hammer (PCB Piezotronics). To obtain a vibration mode shape, a 3D accelerometer (PCB Piezotronics) is used to measure the acceleration at the measurement points, P1-P6, as shown in Fig. 14 . The frequency response between the excitation force and acceleration is calculated with a portable fast Fourier transform (FFT)-analyzer (Ono Sokki). The compliance between the excitation force and displacement is obtained by integration. The impulse hammer and the accelerometer sensitivities were found to be 2.3 mV/N and 50 mV/m/s 2 , respectively. The measurement frequency range was set at 400 Hz, and the number of sample points was 2048. The number of averages chosen was five.
Experimental results
Figures 15(a) and (b) show the compliances at P1 (tool post) for the X displacement and the Y displacement, respectively. In the magnitude plots of Fig.15(a) and (b) , several resonance peaks are observed in the frequency range of 50-80 Hz. These resonances correspond to two rocking vibrations about the X and the Y directions. Some results show the presence of two resonance peaks close to each other. This indicates that the prototype vibrates in the diagonal direction along the XY plane in justification of the fact that the rocking vibrations about the X and the Y directions are combined.
The natural frequencies of the two rocking vibrations obtained from Fig.15 are summarized in Table 2 . The rocking vibration about the X direction exhibits the lowest mode under all placement schemes. Table 2 shows that the natural frequency of the lowest mode is highest in the proposed support location. Therefore, the effect of the proposed method for increasing the natural frequency of the lowest vibration mode is verified. 
Case study with horizontal milling machine
In this section, the proposed method is applied to increase the lowest natural frequency of a real machine tool. The natural frequency of the rocking vibration is measured with several placement schemes of supports.
Machine tool used in the experiment
A small knee-type horizontal milling machine is used in this experiment. The photograph of the machine is shown in Fig.16 . Major specifications of the machine are listed in Table 3 . Leveling blocks were used for the support.
Support placement [Step 1]
The placement of supports was decided based on the proposed method. The bulk stiffness is calculated from 3D CAD models of the machine tool and the leveling block using FEA. Figure 17 shows the model of the machine used in the calculation. The major components were represented by solid blocks. The internal part of the column is removed by the shell function to approximately fit the mass of the machine to specifications. The entire model is divided in two parts. The bulk stiffness is calculated using the lower part, as shown in Fig.17(b) . The material of bodies is set to gray cast iron, which corresponds to a Young's modulus of 110 GPa, a density of 7200 kg/m 3 , and a Poisson's ratio of 0.28. The contacted bodies are bonded. The cross section of the column is fixed along all degrees of freedom. The static force of 100 N is loaded in the positive Z direction at a measurement position on the bottom of the bed. The displacement at the measurement position is calculated along the Z direction to allow estimation of the bulk stiffness. The calculation is conducted using ANSYS Workbench, a commercially available FEA software package.
The constructed bulk stiffness map is shown in Fig.18 . The colored rectangles represent the candidate location. Similar to prior work, the amount of bulk stiffness is represented in gray scale gradations. The bulk stiffness at the edge of the bed is calculated since the possible support placement position at this edge is selected in Step 2. The bulk stiffness in the rear is larger than the stiffness in the front because the column is fixed.
The preload-stiffness relationship calculated for the experimental machine is shown in Fig.19 . The relationship is shown for three bulk stiffnesses which correspond approximately to the stiffnesses at the front side, the right and left sides, and the rear side of the machine, respectively. The maximum preload of one support is about 8300 N, that is a half of the machine weight. At this preload, the stiffness at the front side starts to saturate. Therefore, the preload on the front side should be limited with care to about 5000 N or less not to waste the preload.
[
Step 2] The possible support location is selected to increase the natural frequency of the rocking vibration about the Y direction. Therefore, supports are located on the left and right sides of the machine to increase the rotational stiffness in this direction.
Step 3] Figure 20 illustrates the determined support placement positions. The size of the rectangles qualitatively represents the preload of the support. Symbols S11, S12 and S13 are used to distinguish distinct supports. Because the distribution of the bulk stiffness is symmetric about the Y direction, two supports are located at either the left or the right sides. In this experiment, two supports are located on the right side and the last support on the left side. Two of the supports (S12 and S13) placed at the right side are located at the ends of the front and rear of the machine tool to increase the rotational stiffness about the X direction. The other support (S11) is located slightly shifted along the negative Y direction to decrease the preload on the support of S12, since the bulk stiffness at S12 is small. Figure 21 shows the support placement schemes used in the experiment. Placements 2-4 are the placements for comparison. Placements 2 and 3 are popular placements with three supports. Placement 4 is used to compare the placement schemes with four supports to the best placement scheme with three supports.
Experimental method
The natural frequency is obtained in the modal analysis in a similar way to that adopted by the experiment described in subsection 3.2.2. Briefly, the machine is excited in the Y direction by an impulse hammer. The measuring apparatus described in section 3.2.2 was also used in this experiment. The measurement and excitation points are shown in Fig.22 . Symbols coded under the MP1-16 labels represent the measurement points. The measurement frequency range was set at 400 Hz, and the number of sample 
Experimental result
The compliance at point MP1 (spindle) is shown in Fig.23 . Fig.23(b) shows the magnified view of Fig.23(a) . In each result shown in Fig.23(b) , two resonance peaks, corresponding to two rocking vibrations are observed. These rocking vibrations occur in the diagonal direction, along the XY plane. In the first mode, the influence of the rocking about the Y direction was larger. In the second mode, the influence of the rocking about the X direction was larger. Table 4 summarizes the natural frequency of the rocking vibrations under the four support placement schemes. The first natural frequency is highest under the proposed placement scheme. With Placements 2 and 3, the first natural frequency is lower than that of the proposed placement scheme, because the policy (2) is not satisfied and the rotational stiffness about the Y direction is smaller.
The policy (1) is not clearly verified using the proposed placement. This is because the machine is symmetric about the Y direction and the preload distribution cannot be largely changed like in Chapter 3. However, the comparison between the second natural frequencies with Placements 2 and 3 shows the effect of the policy (1). In the second vibration mode, the influence of the rocking about the X direction is larger. The second natural frequency is lower with Placement 2. Therefore, this results shows that the efficiency is lower with Placement 2 because the preload is concentrated at S21 support. Therefore, this experimental result shows that the natural frequency of rocking vibrations can be enhanced if the proposed method is utilized. With Placement 4, the first natural frequency becomes the highest, equal to that of the proposed placement scheme. The second natural frequency under the scheme of Placement 4 is higher compared to that of the proposed placement. Thus, compared to the three-support case, it is noted that a higher natural frequency can be achieved with four supports, if the support preload is uniformly distributed.
Conclusions
A basic idea for tuning the stiffness of machine tool supports was described based on a stiffness model, using the contact stiffness approach. The relationship between the stiffness and the preload of the support must be considered for tuning the stiffness. When the stiffness should be maximized, the preload should be tuned so that the stiffness-preload relationship is in the critical region, in which the contact stiffness is slightly larger than the bulk stiffness. A placement method of supports was proposed that aimed to increase their stiffness without anchor bolts. To verify the proposed placement method, the natural frequency of a small machine tool prototype was measured with several placement schemes of three supports. The lowest natural frequency with the proposed placement scheme was at maximum in such experiments. The proposed method was also applied to increase the lowest natural frequency of a horizontal milling machine. The lowest natural frequency is increased by 15%-55% compared to popular placements schemes of three supports. These experimental results show that the proposed method is effective for enhancing the stiffness of machine tool supports.
